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Abstract
We study the convergence rate of an asymptotic expansion for the elliptic and parabolic
operators with rapidly oscillating coefficients. First we propose homogenized expansions which are
convolution forms of Green function and given force term of elliptic equation. Then, using local
Lp-theory, the growth rate of the perturbation of Green function is found. From the representation of
elliptic solution by Green function, we estimate the convergence rate in Lp space of the homogenized
expansions to the exact solution. Finally, we consider L2(0, T : H 1(Ω)) or L∞(Ω × (0, T ))
convergence rate of the first order approximation for parabolic homogenization problems.
 2003 Elsevier Inc. All rights reserved.
1. Introduction
In this paper, we deal with the asymptotic behavior of solution u
 of a homogenization
problem for the Poisson equation and the parabolic equation in a domain Ω and Ω× (0, T )
with smooth spatial boundary in R2. Indeed, there have been many results dealing with
homogenization problem in various aspects [3]. In our case, to demonstrate the essential
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Poisson type equations for elliptic and parabolic problems. When u
 is a solution to an
elliptic operator
L
u
 =− ∂
∂xi
(
aij
(
x


)
∂u

∂xj
)
= f
for some rapidly oscillating coefficients aij , one can prove the weak convergence of u
 to
a solution u0 to the homogenized equation L0u0 = f with constant coefficients. The con-
vergence rate of u
 to u0 is of fundamental to various problems like optimal design of finite
element method and its approximation estimates. Our main interest is the Lp convergence
rate of first order approximations in the plane. When f has higher regularity, Avellaneda
and Lin [2] proved Lp convergence for the elliptic system by the method of compactness.
Here we get an Lp estimate when f is less regular than Avellaneda and Lin. Furthermore
we have new estimate for parabolic equations. The growth estimate of the difference of
Green function and its first order approximation is the key step.
In Section 2, we will consider a Poisson equation with highly oscillatory coefficients,
depending on the small parameter 
. Such elliptic equations often arise in composite
material and flows in porous media. We briefly outline the asymptotic analysis and
derive the homogenized solution and first order corrector. In the case of elliptic problem
in the plane, the H 1 difference estimate between the exact solution and homogenized
solution was obtained by Moskow and Vogelius [6]. We adopt their result without much
change. Then, we introduce the Green functions of elliptic operators L
 and L0, and find
localized L2-estimate of the first order perturbation. The localized L2-estimate for the
Green function perturbation provides Lp difference estimates (see Theorem 3).
In Section 3, we consider the asymptotic problem to parabolic equations. We assume
the coefficients are periodic with respect to space and time independent. The time indepen-
dence condition guarantees that the correctors are also time independent. Consequently,
the L2-norm of the time derivative of the approximate solution is essentially equivalent to
the H 1-norm of the inhomogeneous term. Finally from the local maximum principle and
potential estimate of heat potential we obtain L∞-estimate locally (see Theorem 6 and 7).
Throughout the paper, we use the L2 based Sobolev spaces Hk(Ω) equipped with
norms and seminorms:
‖u‖k =
(∫
Ω
∑
|α|k
|Dαu|2
)1/2
, |u|k =
(∫
Ω
∑
|α|=k
|Dαu|2
)1/2
.
We define H 1/2(∂Ω) as the trace on ∂Ω of all functions in H 1(Ω); a norm is given by
‖v‖1/2,∂Ω = inf‖u‖1,Ω , where the infimum is taken over all u ∈ H 1(Ω) with trace v.
Hereafter C will denote a generic positive constant, which is independent of 
.
2. Lp convergence in elliptic homogenization
For elliptic problems such as Poisson equation, from the study of Green function, we
usually obtain the asymptotic behavior of the solution. In this section, Lp convergence of
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of Green function. Let Ω be a bounded domain with smooth boundary in R2. We consider
the following Poisson equation:
L
u
 = f in Ω, u
 = 0 on ∂Ω, (1)
where
L
 =−∇ · a(x/
)∇
is the linear operator and 
 is a small parameter. Assume a(x)= (aij (x)) is smooth and
symmetric, and satisfies for Λ λ > 0
λ|ξ |2  aij (x)ξiξj Λ|ξ |2 (2)
for all ξ = (ξ1, ξ2) ∈ R2. Moreover, aij (x) is periodic function with periodicity 1, that is,
aij (x + y)= aij (x) for all x ∈Ω and y ∈ {0,1}× {0,1}.
We may write this second order equation for u
 as a first order system
a(x/
)∇u
 − v
 = 0,
−∇ · v
 = f,
and get a formal expansion of the form
u
 = u0(x, x/
)+ 
u1(x, x/
)+ · · · ,
v
 = v0(x, x/
)+ 
v1(x, x/
)+ · · · ,
where uj (x, y) and vj (x, y) are periodic in the “fast” variable y = x/
. Introducing
∇ =∇x + 1/
∇y , and formally identifying powers of 
, we obtain
a(y)∇yu0 = 0, (3)
−∇y · v0 = 0, (4)
a(y)∇yu1 + a(y)∇xu0 − v0 = 0, (5)
−∇y · v1 −∇x · v0 = f. (6)
From the above successive relations (3)–(6), we have u0 = u0(x) satisfying
−∇ · (a∗∇u0)= f in Ω,
u0 = 0 on ∂Ω, (7)
where a∗ is a constant matrix given by
a∗ij =
1
|Y |
∫
Y
aik(y)
(
δkj − ∂
∂yk
χj
)
dy,
where Y is the unit cell on R2, i.e., Y = [0,1]2 and χj is the Y -periodic solution of
∇y ·
(
a(y)∇yχj
)= ∂ aij (y)
∂yi
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∫
Y χ
j dy = 0. The existence and uniqueness of χj are well
established. Denote the homogenized operator as
L0 =−∇ · a∗∇,
thus L0u0 = f . In addition, we find the first order approximate solution u1 by
u1(x, y)=−χj (y)∂u0
∂xj
(x) (8)
when f ∈ L2(Ω). Then from Calderon–Zygmund estimate (see Gilbarg and Trudinger [4]),
we have u0 ∈ H 2(Ω) and u1 ∈ H 1(Ω) when f ∈ L2(Ω). Since χj is bounded, u1 has
a trace on ∂Ω lying in H 1/2(∂Ω) and ‖u1‖1/2,∂Ω  C‖u0‖2. One of the main difficulties
in convergence estimate is that u1 = 0 on ∂Ω . Thus the boundary condition u
 |∂Ω = 0 is
enforced through the boundary correction function θ
 ∈H 1(Ω), which is the solution to
∇ · a(x/
)∇θ
 = 0 in Ω,
θ
 = u1(x, x/
) on ∂Ω.
Then, by the result of Moskow and Vogelius [6], we have H 1(Ω) estimate of the first order
approximation.
Lemma 1. Suppose f ∈ L2(Ω). Then there exists a constant C, independent of u0 and 
,
such that∥∥u
 − u0 − 
(u1 − θ
)∥∥1 C
‖u0‖2  C
‖f ‖0.
Here, our main interest is the convergence rate in Lp of the difference of exact solution
and approximate solution. From (5)
(
v0(x, y)
)
i
= aij (y)∂u0
∂xj
(x)− aik(y)∂χ
j
∂yk
(y)
∂u0
∂xj
(x)
=
(
aij (y)− aik(y)∂χ
j
∂yk
(y)
)
∂u0
∂xj
(x).
Hence, v0 satisfies the successive relations (4). Thus it follows that
∇y · (v0 − a∗∇u0)= 0.
Since Ω ⊂ R2, there exists q(x, y) so that
∇⊥y q = v0 − a∗∇u0,
where ∇⊥y = (−∂/∂y2, ∂/∂y1)t . Define v1(x, y) = ∇⊥x q(x, y), then it solves (6) and we
have (see [6])
sup
y∈Y
∣∣v1(x, y)∣∣ C∑
∣∣∣∣ ∂2u0∂xi∂xj (x)
∣∣∣∣ a.e. x ∈Ω. (9)
ij
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w
(x)= u
(x)− u0(x)− 
u1(x, x/
),
h
(x)= 

[
v1(x, x/
)− a(x/
)∇xu1(x, x/
)
]
.
Then, using (5), w
 satisfies
a(x/
)∇w
 = a(x/
)∇u
(x)− a(x/
)∇xu0(x)− 
a(x/
)∇u1(x, x/
)
= [a(x/
)∇u
(x)− v0(x, x/
)− 
v1(x, x/
)]
+ [−a(x/
)∇xu0(x)− a(x/
)∇yu1(x, x/
)+ v0(x, x/
)]
+ [
v1(x, x/
)− 
a(x/
)∇xu1(x, x/
)]
= [a(x/
)∇u
(x)− v0(x, x/
)− 
v1(x, x/
)]+ h
.
Furthermore, by (4), (5) and the definition of v1, we have
∇ · [a(x/
)∇u
(x)− v0(x, x/
)− 
v1(x, x/
)]
=∇ · a(x/
)∇u
(x)−∇x · v0(x, x/
)− 1/
∇y · v0(x, x/
)
− 
∇x · v1(x, x/
)−∇y · v1(x, x/
)
=−f (x)−∇x · v0(x, x/
)−∇y · v1(x, x/
)− 
∇x · v1(x, x/
)
=−
∇x · v1(x, x/
)= 0,
and hence we obtain
∇ · (a(x/
)∇w
(x))=∇ · h
(x).
Note that since a(y) is in C∞, so is χj (y). By (8), we have
sup
y∈Y
∣∣a(y)∇xu1(x, y)∣∣ C∑
ij
∣∣∣∣ ∂2u0∂xi∂xj (x)
∣∣∣∣ a.e. x ∈Ω. (10)
Denote G
(x, y) and G0(x, y) by the Green functions of L
 and L0 in Ω , respectively. Fix
x, y ∈Ω . We let d  14 |x − y|. In order to investigate the behavior of the solution, we first
take f that is supported in B(y, d)⊂Ω where B(y, d) is the ball with radius d centered
at y . Then we have
w
(x)= u
(x)− u0(x)− 
u1(x, x/
)
=
∫
B(y,d)
(
G
(x, z)−G0(x, z)+ 
χj ∂
∂xj
G0(x, z)
)
f (z) dz.
From the definition of 
θ
 , it follows that
∇ · (a(x/
)∇(w
(x)+ 
θ
(x)))=∇ · h
(x)
and w
 + 
θ
 ∈ H 10 (Ω). Then, an application of the weak maximum principle (see
Theorem 8.17 in [4]) yields that for x ∈Ω
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 + 
θ
)(x)∣∣C
(
1
d2
∫
B(x,2d)
∣∣(w
 + 
θ
)(z)∣∣2 dz
)1/2
+Cdδ‖h
‖Lq(B(x,2d))
C
(
1
d2
∫
B(x,2d)
∣∣(w
 + 
θ
)(z)∣∣2 dz
)1/2
+C
dδ
( ∫
B(x,2d)
(∑
ij
∣∣∣∣ ∂2u0∂xi∂xj (z)
∣∣∣∣
)q
dz
)1/q
,
where q > 2 and δ = 1− 2/q . In the last inequality, we used (9) and (10).
Now we estimate the second term of the last inequality. Note that B(y, d)∩B(x, d)= ∅.
Since f is supported in B(y, d) and u0 is the solution of (7), we have
L0
∂2u0
∂xi∂xj
= 0 in B(x, d), ∀i, j ∈ {1,2}.
Using the weak maximum principle, it follows that
sup
z∈B(x,3d)
∣∣∣∣ ∂2u0∂xi∂xj (z)
∣∣∣∣ C
(
1
d2
∫
B(x,2d)
∣∣∣∣ ∂2u0∂xi∂xj (z)
∣∣∣∣
2
dz
)1/2
C
d
‖f ‖0. (11)
Hence we have
dδ
( ∫
B(x,2d)
(∑
ij
∣∣∣∣ ∂2u0∂xi∂xj (z)
∣∣∣∣
)q
dz
)1/q
 Cd1−2/q
( ∫
B(x,3d)
(‖f ‖0
d
)q
dz
)1/q
 C‖f ‖0.
Thus we conclude that
dδ‖h
‖Lq  C
‖f ‖0.
We let p ∈ (2,∞). From the Hölder inequality and Sobolev embedding theorem
(see [1]), we have(
1
d2
∫
B(x,d)
∣∣w
(z)+ 
θ
(z)∣∣2 dz
)1/2
 C
(
1
d2
( ∫
B(x,d)
|w
 + 
θ
 |p dz
)2/p
d2(p−2)/p
)1/2
 C
d2/p
(∫
Ω
∣∣∇(w
 + 
θ
)∣∣2 dz
)1/2
.
Recall that θ
 is given by the solution of the problem
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∂xi
(
aij (x/
)
∂
∂xj
θ

)
= 0 in Ω,
θ
(x)=−χj (x/
)∂u0
∂xj
(x) on ∂Ω,
and
u0(x)=
∫
Ω
G0(x, z)f (z) dz.
Since (a∗ij ) is a positive definite constant matrix, the Green function G0 satisfies∣∣∇xG0(x, z)∣∣ C|x − z|
for some constant C. Since supp(f )⊂ B(y, d)∩Ω , we have
∣∣∇u0(x)∣∣
∫
B(y,d)
∣∣∇xG0(x, z)∣∣∣∣f (z)∣∣dz
∫
B(y,d)
C
|x − z|
∣∣f (z)∣∣dz C‖f ‖0.
Consequently, from the maximum principle we have
sup
x∈Ω
∣∣
θ
(x)∣∣ sup
x∈∂Ω
∣∣
θ
(x)∣∣ C
‖f ‖0.
Thus, combining all the previous estimates and Lemma 1, we have
∣∣w
(x)∣∣
(
1
d2
∫
B(x,d)
∣∣w
(z)+ 
θ
(z)∣∣2 dz
)1/2
+C
‖f ‖0 +
∣∣
θ
(x)∣∣
 C
d2/p
(∫
Ω
∣∣∇(w
 + 
θ
)∣∣2 dz
)1/2
+C
‖f ‖0  C

(
1+ 1
d2/p
)
‖f ‖0.
Hence we proved the following lemma:
Lemma 2. Suppose that f ∈ L2(Ω) is supported in B(y, d) ⊂ Ω and |d|  |x − y|/4.
Then there exists a constant C, independent of G0, 
 and f , such that∣∣∣∣∣
∫
B(y,d)
(
G
(x, z)−G0(x, z)+ 
χj ∂
∂xj
G0(x, z)
)
f (z) dz
∣∣∣∣∣ C

(
1+ 1
d2/p
)
‖f ‖0.
To estimate the local growth rate for the perturbation of Green function, we need
to choose a suitable f which provides L2-norm estimate of the perturbation of Green
function. For fixed x, y ∈ Ω , we let d = 14 |x − y|. In particular we choose the external
force f by
f (z)= χB(y,d)∩Ω(z)
G
(x, z)−G0(x, z)+ 
χj ∂∂xj G0(x, z)∥∥G
(x, z)−G0(x, z)+ 
χj ∂ G0(x, z)∥∥ ,∂xj 0
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B(y,d)
∣∣∣∣G
(x, z)−G0(x, z)+ 
χj (x/
) ∂∂xj G0(x, z)
∣∣∣∣
2
dz
)1/2
 C

(
1+ 1|x − y|2/p
)
.
Again from the weak maximum principle, we have∣∣∣∣G
(x, y)−G0(x, y)+ 
χj (x/
) ∂∂xj G0(x, y)
∣∣∣∣
 C
(
1
|x − y|2
∫
B(y,d)
∣∣∣∣
(
G
 −G0 + 
χj ∂
∂xj
G0
)
(x, z)
∣∣∣∣
2
dz
)1/2
+ 
|x − y|2/p
( ∫
B(y,d)
∣∣∣∣
(
G
 −G0 + 
χj ∂
∂xj
G0
)
(x, z)
∣∣∣∣
2
dz
)1/2
 C

(
1
|x − y| +


|x − y|2/p
)(
1+ 1|x − y|2/p
)
.
Thus ∣∣∣∣G
(x, y)−G0(x, y)+ 
χj (x/
) ∂∂xj G0(x, y)
∣∣∣∣ C
|x − y|1+δ (12)
for all δ > 0. Once we know the growth estimate of the first order perturbation of Green
function, we can obtain Lp–Lr estimate for our first order approximate.
Theorem 3. Suppose u
 is the solution to (1) for given f ∈Lp . Then we have∥∥∥∥u
 − u0 + 
χj ∂u0∂xj
∥∥∥∥
Lr
 C
‖f ‖Lp , r < 2p2− p when 1 p < 2
and ∥∥∥∥u
 − u0 + 
χj ∂u0∂xj
∥∥∥∥
L∞
 C
‖f ‖Lp when p > 2.
Proof. From the representation formula and the estimate (12) of the Green function, we
have ∣∣∣∣
(
u
 − u0 + 
χj ∂u0
∂xj
)
(x)
∣∣∣∣=
∣∣∣∣∣
∫
Ω
(
G
 −G0 + 
χj ∂
∂xj
G0
)
(x, z)f (z) dz
∣∣∣∣∣

∫
C(δ)

|x − z|1+δ
∣∣f (z)∣∣dzΩ
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Ω
C(δ)
|x − z|1+δ
∣∣f (z)∣∣dz C(p)‖f ‖Lp .
Now we suppose 1  p < 2. We know from the growth rate of perturbed Green function
that for q < 2∥∥∥∥
(
G
 −G0 + 
χj ∂G0
∂xj
)
(x, ·)
∥∥∥∥
Lq
 C(q)
 a.e. x
and ∥∥∥∥
(
G
 −G0 + 
χj ∂G0
∂xj
)
(·, y)
∥∥∥∥
Lq
 C(q)
 a.e. y.
Then from Young’s convolution inequality, we have∥∥∥∥u
 − u0 + 
χj ∂u0∂xj
∥∥∥∥
Lr
 C(q)
‖f ‖Lp
when
1+ 1
r
= 1
q
+ 1
p
if q  2.
This completes the proof. ✷
3. Convergence estimate for parabolic equations
In this section, we consider the convergence problem in L2(0, T :H 1(Ω))∩L∞(0, T :
L2(Ω)) and L∞loc(Ω× (0, T )) for parabolic equations. We let Ω be a bounded domain with
smooth boundary in R2 and T be a fixed positive time. We consider the following initial
boundary value problem:
(u
)t −∇ ·
(
a(x/
)∇u

)= f in Ω × (0, T ),
u
(x,0)= g(x) for x ∈Ω,
u
(x, t)= 0 for (x, t) ∈ ∂Ω × (0, T ).
We let the lateral boundary value of u
 equal zero for simplicity. In fact, with suitable
technicality, we can obtain the same result with nonzero smooth lateral boundary data. As
in the case of elliptic problem the coefficient matrix a(x)= (aij (x)) is time independent,
symmetric positive definite, bounded and periodic with periodicity 1 and satisfies the
ellipticity condition (2). We write the parabolic equation as a first order system
a(x/
)∇u
 − v
 = 0,
(u
)t −∇ · v
 = f
in Ω × (0, T ) and take a formal expansion of the form
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, t)+ 
u1(x, x/
, t)+ 
2u2(x, x/
, t)+ · · · ,
v
(x, t)= v0(x, x/
, t)+ 
v1(x, x/
, t)+ 
2v2(x, x/
, t)+ · · · .
We introduce a new variable y = x/
 and write ∇ =∇x+(1/
)∇y . Then matching 
 order,
the following relation holds:
a(y)∇yu0 = 0,
∇y · v0 = 0,
a(y)∇xu0 + a(y)∇yu1 = v0,
(u0)t −∇x · v0 −∇y · v1 = f. (13)
Consequently, the homogenized equation u0 depends only on (x, t) and after taking
average of the third equation of (13) on Y with respect to y , u0 satisfies
u0 = u0(x, t)
and
(u0)t −∇ · (a∗∇u0)= f in Ω × (0, T ),
u0(x,0)= g(x) for x ∈Ω,
u0(x, t)= 0 for (x, t) ∈ ∂Ω × (0, T ),
where a∗ is a constant matrix given by
a∗ij =
1
|Y |
∫
Y
aik(y)
(
δkj − ∂
∂yk
χj
)
dy.
Here, χj is the Y -periodic solution of the elliptic equation
∇y ·
(
a(y)∇yχj
)= ∂
∂yi
aij (y)
with zero mean, that is,
∫
Y χ
j dy = 0. As in the elliptic problem, we have the first order
approximate solution u1 by
u1(x, y, t)=−χj (y)∂u0
∂xj
(x, t).
To set the estimate up to boundary, we need to find boundary correction term θ
 since
u1(x, x/
, t) may not be zero on ∂Ω × (0, T ). For this purpose we let θ
(x, t) ∈ L2(0, T :
H 1(Ω))∩L∞(0, T :L2(Ω)) be the solution to
(θ
)t −∇ ·
(
a(x/
)∇θ

)= 0 in Ω × (0, T ),
θ
(x,0)= u1(x, x/
,0) for x ∈Ω,
θ
(x, t)= u1(x, x/
, t) for (x, t) ∈ ∂Ω × (0, T ).
As in the case of elliptic problem, we have
H.J. Choe et al. / J. Math. Anal. Appl. 287 (2003) 321–336 331v0(x, y, t)= a(y)∇xu0 + a(y)∇yu1,
∇y · v0(x, y, t)= 0,
(u0)t −∇x · v0 −∇y · v1 = f,
and v1 is decided by
v1(x, y, t)=∇⊥x q(x, y, t), ∇⊥y q = v0 − a∗∇xu0.
Moreover, we also have
sup
y∈Y
∣∣v1(x, y, t)∣∣ C∑
ij
∣∣∣∣ ∂2u0∂xi∂xj (x, t)
∣∣∣∣
for a.e. (x, t) ∈Ω × (0, T ). If we define
w
(x, y, t)= u
(x, y, t)− u0(x, t)− 
u1(x, y, t),
h
(x, y, t)= 

(
v1(x, y, t)− a(y)∇xu1(x, y, t)
)
,
then (w
,h
) satisfies
(w
)t −∇ ·
(
a(x/
)∇w

)=∇ · h
(x, x/
, t)− 
(u1(x, x/
, t))t .
From the definition of w
 and θ
 ,
w
 + 
θ
 = 0
when (x, t) ∈ ∂Ω×(0, T ) and when (x, t) ∈Ω×{0}. Therefore, from the energy estimate,
we get
sup
0tT
∫
Ω
|w
 + 
θ
|2(t) dx +
T∫
0
∫
Ω
∣∣∇(w
 + 
θ
)∣∣2 dx ds
 C1
T∫
0
∫
Ω
∣∣h
(x, x/
, s)∣∣2 dx ds +C2
2
T∫
0
∫
Ω
∣∣(u1)s∣∣2 dx ds,
where C1 depends only on the ellipticity constant (λ,Λ) and C2 depends only on the
ellipticity constant (λ,Λ) and diam(Ω).
With the boundary regularity and interior regularity for constant coefficient parabolic
equations (see [5]), we get
sup
0tT
∫
Ω
|∇u0|2(t) dx +
T∫
0
∫
Ω
∣∣∇2u0∣∣2 dx dt  C‖g‖21 +
T∫
0
∫
Ω
|f |2 dx dt. (14)
From the definition of u1 we have
(u1)t =−χj (x/
) ∂
2u0
(x, t).
∂xj∂t
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we have the energy estimate for (u0)t
sup
0tT
∫
Ω
∣∣(u0)s∣∣2(t) dx +
T∫
0
∫
Ω
∣∣∇(u0)s∣∣2 dx ds
 C
T∫
0
∫
Ω
|fs |2 dx ds +
∫
Ω
∣∣(u0)s(x,0)∣∣2 dx. (15)
Since (u0)t (x,0)=∇ · (a∗∇g(x))+ f (x,0), we get∫
Ω
∣∣(u0)s(x,0)∣∣2 dx  C
∫
Ω
∣∣∇2g∣∣2 dx + ∫
Ω
∣∣f (x,0)∣∣2 dx.
Then, it follows that
C
2
T∫
0
∫
Ω
∣∣(u1)s ∣∣2 dx ds  C
2
∫
Ω
(∣∣∇2g∣∣2 + ∣∣f (x,0)∣∣2)dx
+C
2
T∫
0
∫
Ω
∣∣fs(x, s)∣∣2 dx ds. (16)
On the other hand, we have
∣∣h
(x, x/
, s)∣∣ C

(∣∣v1(x, x/
, s)∣∣+
∣∣∣∣a(x/
)χj (x/
) ∂∂xj ∇u0(x, s)
∣∣∣∣
)
 

∣∣∇2u0(x, s)∣∣
and hence it follows that
T∫
0
∫
Ω
∣∣h
(x, x/
, s)∣∣2 dx ds  C
2
T∫
0
∫
Ω
∣∣∇2u0(x, s)∣∣2 dx ds
 C
2
∫
Ω
(|∇g|2 + |g|2)dx +C
2
T∫
0
∫
Ω
|f |2 dx ds.
Lemma 4. Suppose that f,ft ∈ L2(0, T :L2(Ω)) and g ∈H 2(Ω). Then we have
sup
0sT
∫
Ω
|u
 − u0 − 
u1 + 
θ
|2 dx +
T∫
0
∫
Ω
∣∣∇(u
 − u0 − 
u1 + 
θ
)∣∣2 dx ds
 C
2
(‖g‖22 + ∥∥f (· ,0)∥∥0 + ‖f ‖2L2(0,T ;L2(Ω)) + ‖ft‖2L2(0,T ;L2(Ω))).
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 to
conclude the first order approximate convergence rate computation. Let φ be a smooth
cutoff function such that φ(d) = 1 when d  1 and φ(d) = 0 when d  2. We also let
d(x)= dist(x, ∂Ω). We define the boundary correction function
ψ1(x, t)= u1(x, x/
, t)φ
(
d(x)


)
.
Then, we find that∣∣∇ψ1(x)∣∣ C


∣∣∇u0(x)∣∣+C∣∣∇2u0(x)∣∣
and
T∫
0
∫
Ω
∣∣∇ψ1(x, t)∣∣2 dx dt  C

2
T∫
0
∫
d(x)2

|∇u0|2 dx dt +C
T∫
0
∫
Ω
|∇2u0|2 dx dt.
From the Sobolev inequality and Hölder inequality, we obtain
1

2
T∫
0
∫
d(x)2

|∇u0|2 dx dt  C

2
T∫
0

1−2/q
( ∫
d(x)2

|∇u0|q dx
)2/q
dt
 C
−1−2/q
T∫
0
‖u0‖22 dt
for all q ∈ (2,∞). Therefore, we get for all q ∈ (2,∞)
T∫
0
∫
Ω
|∇ψ1|2 dx dt  C(q)
−1−2/q
T∫
0
‖u0‖22 dt.
Furthermore we have
(ψ1)t (x, t)= χj (x/
) ∂
∂xj
(
∂u0
∂t
(x, t)
)
φ
(
d(x)


)
for a.e. (x, t) ∈ ∂Ω × (0, T ) since χj depends only on space variable x . From (15), we
have
T∫
0
∥∥(ψ1)t∥∥20 dt  C
T∫
0
∥∥(u0)t∥∥21(t) dt  C
( T∫
0
‖ft‖20(t) dt +
∥∥f (· ,0)∥∥0 + ‖g‖22
)
.
From our definition of ψ1 and θ
 , we have
(θ
 −ψ1)t +L
(θ
 −ψ1)=−(ψ1)t −L
ψ1
with θ
 −ψ1 = 0 on ∂Ω × (0, T ). Hence, taking θ
 −ψ1 as a test function, we obtain
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t
∫
Ω
|θ
 −ψ1|2 dx +
T∫
0
∫
Ω
∣∣∇(θ
 −ψ1)∣∣2 dx dt
 C
∫
Ω
∣∣θ
(x,0)−ψ1(x,0)∣∣2 dx +C
T∫
0
∫
Ω
(|∇ψ1|2 + ∣∣(ψ1)t ∣∣2)dx dt
and we get
sup
t
∫
Ω
|θ
 |2 dx +
T∫
0
∫
Ω
|∇θ
|2 dx dt  C
∫
Ω
∣∣θ
(x,0)−ψ1(x,0)∣∣2 dx
+C sup
t
∫
Ω
|ψ1|2 dx +C
T∫
0
∫
Ω
(|∇ψ1|2 + ∣∣(ψ1)t ∣∣2)dx dt
 C sup
t
∫
Ω
|∇u0|2 dx +C
T∫
0
∫
Ω
∣∣(∇u0)t ∣∣2 dx dt +C
−1−2/q
T∫
0
∫
Ω
‖u0‖22 dx dt
for all q ∈ (2,∞). Note the factor 
−1−2/q appears only in the space derivative estimates.
Therefore, from the estimate of boundary correction function ψ1, we obtain the following
lemma.
Lemma 5.
sup
t
∫
Ω
|θ
 |2 dx +
T∫
0
∫
Ω
|∇θ
|2 dx dt
 C sup
t
∫
Ω
‖u0‖21 dx +C
T∫
0
∥∥(∇u0)t∥∥20(t) dt +C
−1−2/q
T∫
0
‖u0‖22(t) dt
 C
−1−2/q
(
‖g‖22 +
∥∥f (· ,0)∥∥22 +
T∫
0
‖f ‖20 + ‖ft‖22 dt
)
for all q ∈ (2,∞).
From Lemmas 4 and 5 we have:
Theorem 6. For each δ ∈ (0,1), there is a positive constant C depending only on δ such
that
sup
t
‖u
 − u0 − 
u1‖20 +
T∫
‖u
 − u0 − 
u1‖21 dt0
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1−δ
(
‖g‖22 +
∥∥f (· ,0)∥∥20 +
T∫
0
(‖ft‖20 + ‖f ‖20)dt
)
.
Finally, we find local maximum estimate of the first order approximations. We know
that
(w
)t +L
w
 =∇ · h
 − 
(u1)t .
Since a(x/
)ij is a bounded measurable positive definite matrix, we have local maximum
principle (see Theorem 7.1 in Chapter III of [5]):
‖w
‖L∞(QR)  C
(
1
|Q2R|
∫
Q2R
|w
 |2
)1/2
+C‖h
‖Lq(Q2R) +C

∥∥(u1)t∥∥L2(Q2R)
for q > 2, where QR = BR(x0)× (t0 −R2, t0) and Q2R ⊂Ω × (0, T ). From (16), we find
that

2
∥∥(u1)t∥∥2L2(Q2R)  C
2
(∫
Ω
(|∇2g|2 + ∣∣f (x,0)∣∣2)dx +
T∫
0
‖ft‖20 dt
)
.
We know that for almost all (x, t) ∈Ω × (0, T )∣∣h
(x, t)∣∣ C∣∣∇2u0(x, t)∣∣.
To estimate Lq norm of ∇2u0, we use the potential estimate. We let Γ be the fundamental
solution
ut +L0u= 0.
Define v0 = Γ ∗f . Then, from the Fourier multiplier theorem (see §3 in Chapter IV of [5]),
we have∥∥(v0)t∥∥Lq(R2×(0,T )) + ‖∇2v0‖Lq(R2×(0,T ))  C‖f ‖Lq(Ω×(0,T ))
for all q ∈ (1,∞). We write e0 = u0 − v0. Then from the maximum principle
‖e0‖L∞(Ω×(0,T ))  ‖v0‖L∞(Ω×(0,T )),
and hence for q > 2
‖∇2e0‖Lq(QR)  C‖e0‖L∞(Ω×(0,T ))  C‖v0‖L∞(Ω×(0,T ))  C‖f ‖Lq(Ω×(0,T )).
Consequently, we get
‖∇2u0‖Lq(Q2R)  C‖f ‖Lq(Ω×(0,T )).
Therefore we obtain a local pointwise convergence rate of the first order approximation.
Theorem 7. SupposeQ2R ⊂Ω×(0, T ) and f ∈ Lq(Ω×(0, T )), q > 2. Then, there exists
a positive constant C(R) which depends only on R such that
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 − u0 − 
u1‖L∞(QR)
 C(R)

(
‖g‖2 +
∥∥f (x,0)∥∥0 +
( T∫
0
(‖ft‖20 + ‖f ‖20)dt
)1/2
+ ‖f ‖Lq(Ω×(0,T ))
)
.
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